Abstract N -soliton solutions of the hierarchy of non-isospectral mKdV equation with self-consistent sources and the hierarchy of non-isospectral sine-Gordon equation with self-consistent sources are obtained via the inverse scattering transform.
Introduction
During the past several decades, the soliton equations with self-consistent sources (SESCSs) have been studied for both physical and mathematical interests. Such equations can model many physically interesting processes, [1−2] the sources result in solitary waves moving with nonconstant velocity and cause special dynamics of soliton solutions, for example, ghost solitons. [3−5] The SESCSs have been studied by some classical methods, such as the Inverse Scattering Transform (IST), Darboux transformation, and bilinear approach. [6−14] As we know, there are two sets of the soliton equation, namely, isospectral hierarchy and non-isospectral hierarchy, which are related to the same spectral problem. The non-isospectral soliton equations usually describe solitary waves in non-uniform media. [15−17] For example, one of Hirota-Satsuma equations, which is the KdV equation with loss and nonuniformity terms, is related to λ t = −2αλ, and α describes the relaxation and nonuniformity of the media. [16] In the paper, we solve the hierarchy of non-isospectral mKdV equation with self-consistent sources (mKd-VESCS) and the hierarchy of non-isospectral sine-Gordon equation with self-consistent sources (SGESCS). The hierarchies correspond to a time-dependent spectral parameter λ with time evolutions λ t = (1/2)(2λ) n , and therefore can be used to describe the solitary waves in a certain type of nonuniform media. The method we use to get solutions is the IST, which has applied to some isospectral SESCSs [6,8−9] and recently to the nonisospectral KdVESCS. [10] In the paper the hierarchy of non-isospectral mKd-VESCS will be solved in Sec. 2 and the hierarchy of the non-isospectral SGESCS in Sec. 3.
Solving Hierarchy of Non-Isospectral mKd-VESCS

Hierarchy of Non-Isospectral mKdVESCS
In the well-known ZS-AKNS spectral problem
taking r = −q, from the related zero curvature equation
one can derive the hierarchy, [3] 
where
(1) and we assume that
The Lax pair of the above hierarchy is given by Eq. (1) where
and λ follows λ t = (1/2)(2λ) n . For convenient, we divide B, C, and A, respectively, as
The hierarchy (3) can be rewritten as, i.e. the hierarchy of the non-isospectral mKdVESCS,
with the recursion operator is F = ∂ 2 + 4q 2 + 4q x ∂ −1 q. The first nontrivial member is the non-isospectral mKdVESCS (corresponding to s = 1),
Direct Scattering Problem
For completeness, we briefly list some results of the direct scattering problem related to the spectral problem (1) . [22−23] We replace λ with ik in the spectral problem (1). We also suppose that q(x, t), r(x, t), φ 1j (x, t), and φ 2j (x, t) (j = 1, 2, . . . , N ) vanish rapidly as |x| → ∞, and the potential q(x, t) and r(x, t) satisfy
). There are four Jost solutions for the spectral problem
, which are bounded for all values of x and also satisfy the asymptotic conditions,
when x → ∞, and
For all real value k, there are linear relationships between four Jost solutions
Scattering data for the spectral problem (1) are defined by
where each c j (c j ) is the so-called normalization constant of eigenfunction ψ(x, t, k j ) (ψ(x, t,k j )), defined by
For real function r = −q, it is known [22−23] that the eigenfunction ψ
The zero of a(k) andā(k) are the discrete eigenvalues of the spectral equation (1a) and dependent of t, i.e. k j (j = 1, . . . , N 1 ) andk j (j = N 1 + 1, . . . , N ) related to λ j in Eq. (4) in the following way
namely,k j = −k j . The scattering data has relation c
Time Evolutions of Scattering Data
Meanwhile, corresponding λ j in Eq.
(1), we can set
T in Eq. (1) to be
where β j (t) is arbitrary continuous functions of t. Thus we have
Then, combining Eqs. (3b) and (1a) with λ = ik leads to the following
which further means
Integrating the above equalities and taking
at mean time, and noting Eqs. (9) and (10), we have
Eq. (15) provides the orthogonal property of discrete eigenfunctions. Noting Eq. (14) and making use of the following two identities
we can obtain
The procedure of proof is similar to get Eq. (16). Lemma 1 The following asymptotic behaviors hold,
as x → ∞, m = 1, . . . , N.
Proof Here we give the proof of Eq. (18b). To verify Eq. (18b), we just prove the following asymptotic behaviors:
Noting Eq. (9), we have
where we have made use of G,θ = 0, G . 
then, using the relation (12), (13) , and (16), we reach 
, N ).(20b)
Proof By using the L'Hospital's rule, we have 
So we reach Eq. (20b). Similarily, we reach Eq. (20b). Thus, we complete the proof. It is easy to verify the following lemma. Lemma 3 Suppose that ψ(x, t, k) is a solution of Eq. (1), N satisfies the zero curvature equation, i.e., Eq. (2), then P (x, t, k) = ψ t (x, t, k) − N ψ(x, t, k) solves Eq. (1) as well.
Based on the above three lemmas, we now give time evolutions of discrete scattering data. Theorem 1 The discrete scattering data satisfies the following time evolutions, for n = 1,
for n = 3, 5, . . .,
Here k j (0) and c j (0) are the scattering data of Eq. (1) in terms of q(x, 0). Proof Here we only give the proof of the theorem in the case of j = 1, 2, . . . , N 1 . Suppose that Q(x, t, k) is another Jost solution of Eq. (1), which is linearly independent of ψ(x, t, k). Since from Lemma 3 P (x, t, k) also solves Eq. (1), there exist α(k) and β(k) such that
Noting the fact of both ψ(x, t, k) tending to zero as x → ∞, it is easily to see β(k) = 0, i.e.,
We now left-multiply Eq. (23) by (ψ 2 (x, t, k), ψ 1 (x, t, k)) and integrate them. This gives d dt
To determine the value of α(k m ) (m = 1, 2, . . . , N 1 ), from Eq. (18a) in Lemma 1 leads to
Then, noting that 2
Thus, further from Ref. [25] we can reach
Then we derive time revolutions of the discrete scattering data. We consider the limit of Eq. (23) with respect to k → k m (m = 1, 2, . . . , N 1 ) and the asymptotic result under x → ∞. Thanks for
which comes from Eq. (20b), we have
where we have made use of Eqs. (11) and (8) with k = k m (m = 1, . . . , N 1 ). Thus we finally obtain
In a similar way, we have
The proof has been completed. Obviously, here the evolution of normalization constant c m (t) = ic m (t) is added by an extra term −ik m (t) β m (t)c m (t) comparing with the one of the non-isospectral mKdV hierarchy without source.
[25]
N -Soliton solution for Non-Isospectral mKdVESCS Hierarchy
In this section, we drive out the reflectionless potentials of the hierarchy of the non-isospectral mKdVESCS (3). It is known [22] that for r = −q one has
Then, the solution of the non-isospectral mKdVESCS hierarchy (3) can be derived in the following way
where K(x, y, t) = (K 1 (x, y, t), K 2 (x, y, t)) T satisfies the Gel'fand-Levitan-Marchenko equation,
with
For the non-isospectral mKdVESCS hierarchy (3), assume that the reflection coefficient R(k) = 0 and there are 2N distinct eigenvalues
Then the K 1 (x, y, t), K 2 (x, y, t) in Eq. (28) can be obtained as
and I is an N × N unit matrix. The N -soliton solution of the system (3) can be written in the form
whereλ j (t), c j (t) are determined by Theorem 1 and Eq. (29),
One-soliton solution of the non-isospectral mKdVESCS (7) (corresponding to n = 3,
and ρ 1 , θ
are all real constants. For convenience, we replace t with −t, ρ 1 with −ρ 1 . Equation (32a) is a soliton with time-dependent amplitude 2/ √ ρ 1 + 8t (t > −ρ 1 /8) and velocity
. Figure 1 describes the shape and motion of one soliton. We note that some dynamics of Eq. (7) have been investigated in Ref. [3] . 
Solving Hierarchy of Non-Isospectral SGESCS
It is well known that the mKdV equation and the sine-Gordon equation are closely related to each other via the ZS-AKNS spectral problem. [22−23] So are the equations with sources. We set q(x, t) = u x (x, t)/2 and substitute −n for n in Eq. (3), then the hierarchy of the non-isospectral SGESCS is directly and formally obtained as the following:
i.e.
where F −1 = cos u∂ −1 cos u∂ −1 + sin u∂ −1 sin u∂ −1 , the recursion operator, is the inverse operator of
The Lax pair of the hierarchy is Eq. (1b), where
The first nontrivial member is the non-isospectral SGESCS (corresponding to n = 1) is
Substituting −n for n in Eqs. (25) and (26), we derive the scattering data
which further means 
for n = 1, 2, . . . The N -soliton solution of the system (35) can be written in the form u(x, t) = 2i ln det(I − iE(x, t)) det(I + iE(x, t)) , ϕ 1j (x, t) = 2β j (t)c j (t)E j (x, t)W −1 (x, t)Λ(x, t) , (j = 1, . . . , N 1 ) , ϕ 2j (x, t) = 2β j (t)c j (t)(e −λj x − E j (x, t)W −1 (x, t)E(x, t)Λ(x, t)) , (j = 1, . . . , N 1 ) , ϕ 1j (x, t) = −2β j (t)c j (t)(e −λj x − E j (x, t)W −1 (x, t)E(x, t)Λ(x, t)) , (j = N 1 + 1, . . . , N ) , ϕ 2j (x, t) = −2β j (t)c j (t)E j (x, t)W −1 (x, t)Λ(x, t) , (j = N 1 + 1, . . . , N ) ,
whereλ j (t), c j (t) are determined by Eqs. (37) and (29), E j (x, t) = c 1 (t) λ 1 +λ j e −(λ1+λj )x , . . . , c N (t)
λ N +λ j e −(λN +λj )x .
One-soliton solution of the non-isospectral SGESCS (36) (corresponding to n = 1, N 1 = 1) is 
and ρ 1 , ξ
1 are all real constants. For convenience, we replace t with −t, ρ 1 with −ρ 1 . Equation (39a) is a kink soliton, which can be characterized by velocity and slope at the inflexion point x(t) = − Figure 2 describes the shape and motion of one soliton. Some dynamics and source effect for the SGESCS (36) can also be found in Ref. [4] . 
